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TRANSIENT RESPONSE OF SHELLS OF REVOLUTION BY DIRECT 

INTEGRATION AND MODAL SUPERPOSITION METHODS 

By Wendell B. Stephens and Howard M. Adelman 
Langley Research Center 

SUMMARY 

This report describes the results of an analytical effort to obtain and evaluate 
transient response data for a cylindrical and a conical shell by use of two different 
approaches: direct integration and modal superposition. The purpose of the investiga- 
tion was twofold: to provide reliable data for use in the checkout of general-purpose 
codes and to gain some insight into the relative advantages of each technique. 

Results are obtained for the cylindrical shell which is freely supported at both 
edges and for the conical shell which is freely supported at the small diameter and free 
at the large diameter. Both shells are subjected to an initial velocity excitation. Both 
the direct integration analysis and the modal superposition analysis included such second- 
a ry  effects as rotary inertia and transverse shear deformation. As a result, the impor- 
tance of these effects as well  as the ease of their inclusion in the calculations were eval- 
uated. In addition, the numerical integration analysis included nonlinear effects due to 
large displacements. Consequently, the importance of these effects was evaluated also. 

The principal conclusions drawn from the present study a re  that for the types of 
problems investigated herein, the inclusion of nonlinear terms is more important than the 
inclusion of secondary effects although there are thin-shell structures where these 
secondary effects will  be important. The advantages of the direct integration approach 
are that geometric nonlinear and secondary effects are easy to include and high-frequency 
response may be calculated. In comparison to the modal superposition technique the 
computer storage requirements are smaller. The advantages of the modal superposition 
approach are that the solution is independent of the previous time history and that once 
the modal data a re  obtained, the response for repeated cases may be efficiently computed. 
Also, any admissible set of initial conditions can be applied. 

INTRODUCTION 

Dynamic response behavior can be an important design consideration for thin shells 
of revolution which are often used as structural members in aerospace vehicles and civil 



structures. As a result, there have been attempts in recent years to provide analytical 
procedures for accurately calculating dynamic response of general shells of revolution. 
The two methods that have shown the most promise for a wide variety of shell geometries 
are direct integration of the equations of motion by using finite differences (refs. 1 to 5) 
and modal superposition based on a finite -element calculation of the modal character - 
istics of the shell (refs. 6 to 8). Each approach is most advantageous for a certain sub- 
class of the general problem. 

Recently, the trend in analytical methods development has been toward large 
general-purpose computer programs (refs. 9 and 10). One important task in the develop- 
ment of such programs is comparing those results with the results of special-purpose 
codes in order to generate confidence in the minds of potential users.  Thus, the purpose 
of the present paper is to provide some reliable results for transient response of shells 
of revolution for use in checking more general-purpose computer programs. 

As a part of the present work, it was desirable to carry out some extensions to 
previous work and to develop some new procedures. These extensions a r e  presented in 
three appendixes. Appendix A contains modifications to the direct integration procedure 
of reference 1 to include the effects of rotary inertia and transverse shear deformation. 
Appendix B describes the modal superposition algorithm. Appendix C describes the 
finite -element derivation for modal characteristics of cylindrical shells with rotary 
inertia and transverse shear effects included. A fourth appendix, appendix D, lists in 
tabular form all numerical results shown in the figures. This is provided so that mean- 
ingful checks with other analyses can be made. 

SYMBOLS 

matrix which relates coefficients of assumed displacements to displacements 
and rotations at ends of element 

[Ad 
coefficients in assumed displacement function for u "0 ,k'al ,kja2 ,k7"3 ,k 

coefficients in assumed displacement function for w bO,k'bl ,kpb2 ,kjb3,k 

Eh 
l - u  

membrane stiffness, - 2 

matrix defined in equation (C21) 

C 

LCkl 

coefficients in assumed displacement functions for  p C0,k9C1 ,k"2 ,k7'3 ,k 
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D 

E 

G 

h 

i=$-1 
- 
K 

[SI 
k2 

L 

[“il 

MX 

Nx,Nxe 

n 

QX 

qn 

r 

Eh3 
i q r q  flexural stiffness, 

elastic modulus 

meridional and circumferential strains,  respectively 

matrix defined in equation (C12) 

E shear rigidity, 
2(1 + v) 

shell thickness; H in computer tables 

total number of elements 

stiffness matrix for  nth harmonic 

shear correction factor (0.87 for a thin shell) 

meridional length 

element mass matrix 

mass  matrix for the nth harmonic 

meridional moment resultant; M-X in computer tables; MX in computer plots 

membrane force resultants 

positive integer; N in computer tables 

transverse shear s t ress  resultant 

normal coordinate of the system 

matrix defined in equation (C7) 

radial distance; R in computer plots and tables 
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P k l  element stiffness matrix 

meridional coordinate; S in computer plots and tables S 

distance from first edge of cylinder to center of kth element ‘k 

T kinetic energy 

time; T in computer plots t 

meridional, circumferential, and normal displacement components at any 
point in shel1,’respectively 

meridional, circumferential, and normal displacement components of point 
on middle surface, respectively 

V strain energy (appendix C) 

initial velocity vO 

matrix defined in equation (C17) 

meridional coordinate in a finite element X 

1-1 matrix defined in equation (C25) 

vector containing all unknown displacements and their spatial derivatives 

matrix defined in equation (C27) 

coordinate measured normal to middle surface of cylinder z 

rotation of a point on middle surface of cylinder 

vector defined in equation (C16) 

transverse shear strain 

B 

y 13 
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'k length of kth element 

diagonal matrix of eigenvalues for nth harmonic (appendix B) ch.3 
'n eigenvalue of nth harmonic (appendix B) 

V Poisson's ratio 

P mass density 

o1 u u s t r e s s  in the meridional, circumferential, and transverse directions, 
9 27 13 

respectively 

matrix of eigenvectors for nth harmonic (appendix B) [".I 
eigenvector for nth harmonic (appendix B) {(4 

rc/ cone angle (fig. l(b)) 

w angular frequency, rad/sec 

A prime indicates a derivative with respect to the meridional coordinate s. 

A dot indicates a derivative with respect to time t. 

ANALYTICAL METHODS 

Direct Integration 

The results in this paper illustrating the direct integration method are obtained 
from the shell programs contained in references 1 and 3. The program in reference 1 is 
based on Sanders' shell theory for small  displacements with moderate rotations (ref. 11). 
The governing equations of motion a re  reduced to six partial differential equations with 
first-order spatial derivatives and second-order time derivatives and a re  applicable to 
shells loaded axisymmetrically . The time derivatives are represented numerically by 
Houbolt's backward-difference expression as outlined in references 1 and 4 and the spatial 
derivatives are represented by central differences. The equations are linearized using a 
Newton-Raphson technique and solved using Gaussian elimination. Modifications to the 
equations contained in reference 1, for the inclusion of rotary inertia and transverse 
shear effects, a r e  presented in appendix A. 
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Sanders' shell theory for small rotations is also used in reference 3 which deals 
with the asymmetric behavior of shells. The equations are written as four governing 
partial differential equations with second-order derivatives in both space and time, The 
Houbolt backward-difference scheme and central differences are again used to represent 
the time and space derivatives, respectively, and Gaussian elimination is used to solve 
the equations. Since backward differences a re  used to represent time derivatives, the 
method is dependent on the previous time history of the shell. In general, this method 
allows one to take moderately large time steps without detrimentally affecting the quality 
of convergence. For structures in which high frequencies dominate the response, very 
small  time increments must be taken. The convergence criterion used in this report was 
to use a time increment such that decreasing the time increment size by a factor of 2 
would not affect the results more than 1 percent after 10 time steps. 

Modal Superposition 

The method used for the modal superposition calculations is described in appen- 
dix B. Basically the approach is to take the stiffness and mass matrices and modal char- 
acteristics supplied by a previously executed program and compute generalized stiffness 
and mass matrices. These a re  then used to form a set  of uncoupled equations which a r e  
solved in closed form for a given set  of initial conditions. All supplied modes a r e  used 
to preclude any arbitrary omission of modes which could have significant contributions. 

The modal characteristics a r e  supplied either by the program of references 7 and 8 
or  by a program based on the method described in appendix C. A critical feature of this 
approach is to obtain the modal data accurately. A discussion of this feature is contained 
in appendix C. 

ILLUSTRATIVE EXAMPLES 

The two shell configurations shown in figures 1 and 2 were considered. In these 
problems a satisfactory uniform grid spacing has been utilized unless otherwise indicated. 

Cylindrical Shell 

The first configuration is a cylindrical shell with freely supported boundary condi- 
tions and with a uniform initial velocity. This shell is similar to the one with cutouts 
used in reference 5. Since the structure has a plane of symmetry perpendicular to the 
shell axis and since the initial velocity is uniform, only half the structure needs to be 
analyzed. The boundary conditions at the initial edge (s = 0) are 
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N, = 0 

w = o  

M x = O  

and at the plane of symmetry (s = L/2) are 

u =  0 

Qx = 0 

p = 0  

The initial conditions were taken to be 

U(s,O) = 0 

V(s,O) = 0 

W(s,O) = 0 

V(S,O) = 0 

W(s,O) = 2.54 cm/sec (1.0 in./sec) 

j(S,O) = 0 

where the displacements a re  all functions of space and time and a dot represents a deriv- 
ative with respect to time. The material properties were taken to be 

E = 6464 N/m2 (0.9375 lb/in2) 

p = 10.7 Gg/m3 (1.0 lb-sec2/in4) 

v = 0.25 
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The dimensions of the cylinders are characterized by the length-radius ratio L/r and 
the thickness-radius ratio h/r. Calculations are carried out for  a range of L/ r  from 
0.3 to 2.4 and a range of h/r from 0.0125 to 0.10. 

The finite-element grid used in the modal superposition method is shown in fig- 
ure  3(a). For the direct integration method the spacial-difference increments used were 
As = L/96 and the nondimensional time-difference increment was taken to be 0.10 sec. 
The loading along the shell meridian midsurface is an inertial loading corresponding to 
the initial conditions on velocity. 

Conical Shell 

The second configuration was a cone similar to the Viking aeroshell (ref. 12). The 
finite-element grid of figure 3(b) is applied consistent with the geometry of figure l(b). 
Here the dimensions a re  

rA = 80.0 cm (31.5 in.) 

'B = 164.0 cm (64.6 in.) 

L = 89.46 cm (35.22 in.) 

$ =  a/9 (200) 

h = 0.101 cm (0.04 in.) 

and the material properties a re  

E = 73.08 GN/m2 (1.06 X IO7 Psi) 

v = 0.315 

p = 2713 kg/m3 (2.54 X lb-sec2/in4) 

The boundary conditions are freely supported at the inner edge (s = 0) and free at 
outer edge. Therefore, at s = 0: 

N x =  0 

W = O  

v = o  
M x = O  
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anda t  s = L: 

N, = 0 

& x = O  

Nxo = 0 

M, = 0 

The initial conditions were 

U(s,O) = 0 

V(s,O) = 0 

W(s,O) = 0 

P(S,O> = 0 

and 

U(s,O) = 0 

V(s,O) = 0 

j(S,O) = 0 

W(s,O) = -vo (vo = 2.54 cm/sec (1.0 in./sec)) 

The finite-difference grid sizes were L/100 in the spacial direction and sec in 
time increments. The nonhomogeneous, initial condition is a linearly varying normal 
velocity along the shell meridian with peak amplitude of vo at s = 0. This provides 
the only loading on the structure. 

FUZ-SULTS AND DISCUSSION 

These results are presented for future comparisons with large general-purpose 
shell codes. Brief parametric studies are presented as well as a tabular listing in 
appendix D of all the numerical results. 
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Cylindrical Shell 

Results for the cylindrical shell with loading corresponding to an initial velocity 
normal to the shell middle surface are shown in figure 4. Both the direct integration 
and modal superposition approaches a re  compared with an "exact'' solution similar to 
that described in appendix C of reference 13. Here, the exact solution is again a modal 
superposition technique where all the modes were obtained as sine and cosine waves. 
The series summation in the solution was  truncated after 100 modes. The curves in fig- 
ure 4 represent the normal displacement W/r  along the shell meridian at 1.2 seconds 
(after 12 steps in time for the direct integration scheme have been taken). The agree- 
ment is quite good except for the peak displacement region around s/L = 0.10 for the 
modal superposition approach; even then the discrepancy is only about 5 percent and this 
is attributed to the fact that only 10 elements were used to model the shell. The accuracy 
of the modal superposition approach is obviously dependent on obtaining a large number 
of reliable eigenvalues and eigenvectors. As the number of elements is increased, com- 
puter storage and time increase proportionally. Once the modal data a re  obtained, how- 
ever, the modal superposition approach can be applied to any point independent of time 
history; in fact, repeated solutions at various points in time can be obtained quite effi- 
ciently. Since the modal data a r e  dependent only upon the shell geometry and boundary 
conditions, the modal superposition approach allows an additional degree of flexibility in 
efficiently studying a variety of initial conditions. 

Figures 5 to 8 show the effect of transverse shear deformation and rotary inertia 
(secondary effects) on transient response of the cylindrical shell for three values of L/r. 
The direct integration scheme is used to produce these results. In these figures the 
ratio h/r is held to a value of 0.05. In these plots the linear solution and the linear 
solution with the secondary effects included are compared. Figure 5 is a plot of normal 
displacement W/r  as a function of the meridional distance at a time of 1.2 sec (12 steps 
in time). For this curve the secondary effects affect the solution only slightly; however, 
the moment resultant Mx, which has a more prominent boundary region as shown in fig- 
ure 6, indicates that these terms have a more pronounced effect. 

Figures 7 and 8 show that these effects also grow as the shell is shortened while 
the other geometrical data remain constant. Since in these figures there is no pronounced 
boundary -region behavior, this deviation from the linear solution is attributed primarily 
to the transverse-shear-deformation terms. 

Figures 9 to 11 indicate the importance of being able to include nonlinear te rms  in 
the solution as well as the effect of varying the ratio h/r where the ratio L/r remains 
at 2.4. In these cases the direct integration scheme must be used since modal super- 
position is restricted to linear problems. Figure 9 is a comparison of the normal 
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displacement W/r along the meridian for the linear, nonlinear, and secondary effects 
solutions. The curves are shown at 2.4 see (24 increments in time) for  the cylinder. 
The secondary effects are of little importance as also shown in figure 5, but the non- 
linear terms greatly affect the character of the response shape. Figures 10 and 11 show 
that for thinner shells these te rms  remain just as large and tend to damp out the response 
in the region around the shell edge at s = 0. 

Figure 12  shows the results for the linear asymmetric response for the second 
harmonic (n = 2) when L/r is 2.4 and h/r is 0.05. In this figure the normal displace- 
ment is plotted as a function of meridional distance s/L at a time of 2.4 sec (24 incre- 
ments in time for the direct integration scheme) for both approaches. Here the agree- 
ment of the methods is better than that in figure 4. In this case 20 elements along the 
meridian were taken. This better modeling improves the quality of the results; however, 
to obtain this accuracy all the modal data must be stored and as such may make this 
procedure impracticable in large -scale applications. 

In figure 13 both maximum normal displacement and center displacement are 
plotted as a function of time for the structure when L/r is 2.4 and h/r is 0.10. The 
solutions give a profile of time history for linear, nonlinear, and secondary effects for 
axisymmetric analyses. 

Conical Shell 

The conical shell shown in figure l(b) is analyzed for a load corresponding to a 
linearly decreasing initial normal velocity along the shell meridian. The results in fig- 
ure 14 are for  the normal displacement corresponding to n = 2 at a time of 
20 x lom6 sec  (or after 20 time increments in the direct integration scheme). Satis- 
factory agreement is obtained by using a fine finite-element grid (E/L = 0.025) in the 
region near the smaller boundary of the shell and coarser grids with larger elements 
throughout the remaining portion of the shell (see fig. 3(b)). The direct integration 
approach gives an almost linear decay of the displacement to zero at the outer edge 
(s/L = 1.0). The small oscillatory character of the modal solution is attributed to the 
coarsest grid size (E/L = 0.100) used near the larger boundary of the shell. 

The two approaches each offer unique capability. The modal approach yields 
numerical accuracy at any point in time. Also, the modal data a re  obtained independent 
of the initial conditions. Thus, the modal superposition results may be obtained at any 
time point and for any admissible set  of initial conditions. 

The distinctive features of the direct integration approach are that high-frequency 
response may be analyzed and that both secondary and nonlinear effects can be easily 
included. 

11 



CONCLUDING REMARKS 

Both direct integration and modal superposition schemes for transient response 
analysis of shells of revolution have been discussed. The analysis reported in NASA 
TN D-6158 has been extended to include the secondary effects of rotary inertia and trans- 
verse shear deformation terms. In addition, the analytical scheme for modal superposi- 
tion and a finite-element analysis for  obtaining the axisymmetric mode shapes and f re -  
quencies of cylindrical shells with secondary effects included have been presented. 

A brief parametric study of nonlinear and secondary effects has been shown and 
tabular data of the results have been made available. In general, the inclusion of non- 
linear terms is of much more importance than the inclusion of secondary effects although 
there are thin-shell structures where these secondary effects wil l  be important. The 
advantages of the direct integration approach are that geometric nonlinear and secondary 
effects are easy to include and high-frequency response may be calculated. In compari- 
son to the modal superposition technique the computer storage requirements are less. 
The advantages of the modal superposition approach are that the solution is independent 
of the previous time history and that once the modal data are obtained, the response for 
repeated cases may be efficiently computed. Also, any admissible set  of initial conditions 
can be used with the modal superposition method. The actual preference of one method 
over the other is dependent, therefore, on the problem requirements. 

Langley Research Center, 
National Aeronautics and Space Administration, 

Hampton, Va., January 28, 1974. 
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APPENDIX A 

MODIFICATIONS OF ANALYSIS OF NASA TN D-6158 TO INCLUDE 

ROTARY INERTIA AND TRANSVERSE SHEAR DEFORMATION 

To include rotary inertia and shear,  equations (4) and (5) of reference 1 should be 
replaced by 

2(1 + v12) q = w' - cp'u - p 
k2E oh 

where q is the transverse shear  resultant and the rotary inertia. These changes 
require that equations (A6) and (A9) in reference 1 be changed to include, respectively, 

-h2 
M26 = 12 

The notation of equations (L41) to (A4) is the same as that used in reference 1. 
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APPENDIX B 

MODAL SUPERPOSITION PROCEDURE 

This appendix describes the procedure based on reference 6 for obtaining the 
transient response of shell structures using modal superposition for problems with non- 
homogeneous initial conditions. In this analysis for any harmonic number n, the 
m x m stiffness matrix [Kn], the m X m mass matrix [MJ, the eigenvector 
matrix [an], and the eigenvalues Xf where i = 1, 2, . . ., m are provided by an 
analysis such as that in reference 8 o r  that described in appendix C. The equations of 
motion from reference 6 may be written as 

where the dots indicate differentiation with respect to time. The initial conditions a re  

(B2) 

(9,) gives 

1 (yn} = (yo} 

pll} = {$o} 

Transforming to the modal coordinates 

where the ith column of pd, denoted as {$a}, satisfies the equation 

with Xi being the eigenvalue corresponding to the eigenvector {$;}. The eigenvectors 

a re  normalized so that the generalized mass fo r  each mode is unity 

Using equation (B5) with equation (B4) gives the additional result that 
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APPENDIX B 

where [h] is a diagonal matrix of the eigenvalues. Using equations (B3), (B5), 
and (B6) in equation (Bl) gives a set  of equations for the elements of 

The initial conditions (eqs. (B2)) expressed in terms of 

The solution of equation (B7) subject to the conditions of equations (B8) is easily obtained. 
The ith element of (g.) denoted as q: is given by 

qn i i  = an sin Kt + b: cos & t 
where i = 1, 2, . . ., m. 

Then 

{qn} = i" m 

The required result is finally obtained by substituting equation (B12) into 
equation (B3). 
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APPENDIX C 

FINITE -ELEMENT CALCULATION OF AXISYMIMETRIC VIBRATION 

MODES OF A CYLINDER INCLUDING SECONDARY EFFECTS 

In figure 2 the displacement components in the meridional and normal directions at 
a general point in the cylinder cross  section are denoted as U and W, respectively. 
The corresponding displacement components at a point on the middle surface of the 
cylinder are denoted by u and w, respectively. The rotation of a shell generator is 
denoted by p. A point is located in the cylinder by the meridional coordinate s, the 
circumferential coordinate 8 ,  and the normal coordinate z. The middle surface of the 
shell is taken as the reference surface and is located a distance r from the shell axis. 
Following the usual convention, the U and W, at any time t,  for axisymmetric vibra- 
tion at frequency w may be separated into functions of displacement and time as 
follows: 

The maximum strain energy is 

J 

The strain-displacement relations a re  

au 
el =as 

W e2 = - r 
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APPENDIX C 

The constitutive equations are 

al = 7(el E + ve2) 1 - v  

E a2 = - 1 - v  2 (e2 + vel) 

Using equations (Cl), (C3), and (C4) in equation (C2) and performing the integration 
with respect to the variables 0 and z give the following form for the maximum strain 
energy: 

where 

and 
Eh3 D =  

12(1 - v2) 

The integration indicated by Js is taken over the cylinder length. The membrane stiff- 

ness is C and the flexural stiffness is D. Equation (C5) may be written as a quadratic 
form as follows: 

V = i J {6>T[R] (6)ds 
S 

where 

[RI = 

2Cr 2vc 

?vC 2C/r 

0 0 

0 0 

0 0 

0 

0 

2k2Ghr 

0 

0 

0 0 

0 0 

0 0 

2k2Ghr 0 

0 2Dr 
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APPENDIX C 

Kinetic Energy 

The maximum kinetic energy of a thin cylindrical shell is 

T = LJJJ 2 p b 2  + W2]r ds de dz 

Substituting equation (Cl) into equation (C9) and carrying out the integration with 
respect to 8 and z yield the following result for the maximum kinetic energy: 

T = 02r Js phr(u2 + w 2 + ap2)ds 

where a! = - h2 Equation (C10) may be written as a quadratic form as follows: 12' 

where 

0 
0 O l  

2phr 

lo 0 2aphr] 
O I  

Representation of Shell Finite Elements 

The cylinder is modeled by finite elements as shown in figure 3. Each element is 
an exact slice of the cylinder being analyzed. The following definitions are made in con- 
nection with the finite -element representation: 
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APPENDIX C 
- 
K 

'k 

X 

total number of elements 

- 
length of the kth element, k = 1, 2, . . ., K 
meridional coordinate inside kth element measured from center of element; 

'k 'k 
2 -  2 thus - - S X  6 -  

distance from first edge of cylinder to center of kth element 'k 

From these definitions for x and Sk it follows that 

The convention used herein is that quantities such as displacement components and 
'k 'k their derivatives at s = Sk - - and s = Sk + - are denoted by the subscripts k 2 2 

and k + 1, respectively. For example, Uk is the meridional displacement at 
'k is the derivative of p at s = Sk + - 2 '  and 

'k 
2 s = S k - -  

The quantities u, w, and p are approximated over each element by the following 
polynomials: 

3 1  

2 
u = a  O,k ' "1,p ' "2,kX + "3,kX 

2 
= bO,k + bl,kx + b2,kx + '3,kx 

2 
P = eO,k + '1,kx + '2,kX + 3,kx 

Using equations (C8) and (C14) yields 
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where 

[XI= 

APPENDIX C 

7 - 
0 1 2x 3x2 0 0 0 0 0 0 0 0 

0 0 0 0 1 x x  2 x  3 0  0 0 0 

0 0 0 0 0 1 2x 3x 2 o  0 0 0 (C17) 

2 x  3 0 0 0 0  1 x x  0 0 0 0 

0 0 0  0 0 0 0  0 0 1 2x 3x 2 
L 

-Ek and - ‘k into appropriate locations in equation (C17), using 
2 Inserting x = - 2 

equation (C15) with the f i rs t  of equations (C14), and inverting the resulting equation give 
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APPENDIX C 

Uk' 

Wk 

Pk 

UH 
wk 

where 

'k+l 

wk+l 

Ok+l 

4 + l  

wk+l 

&+1 
L /  

and the elements of [Ak] are 

[Ad = 

- 
- 0 - Ek 0 - 1 0 0 - -; 0 0 

O 2  8 
0 1 

2 

0 - -l 0 0 -  3 0 0 - -; 0 
4 "k 

0 - -3 0 

0 0 0 -l 0 0 0 0 0 0 

0 0 -  0 0 -  -2 0 0 -  0 0 

O - E k O  

"k 

1 0 -  
26 k 

1 

26k 
1 2 - 

E k3 €k2 Ek3 6 k2 

8 0 1 - 
O 2  

- 1 0 0 - '," 0 
O 2  

0 -  -3 0 0 - 2 0  0 -  3 0 0 2 0  - 
2 E  k k 

0 1 0 0 0 0 - 1 0  0 0 0 0 -  
2Ek 2Ek 

0 1 0 0 0 0 -  -2 0 0 -  1 - 2 - 0 
6k3 €k2 €k3 E k2 

k 0 -  8 

-1 

0 1 - 
O 2  

- 0 0 0 1 - 
O 2  0 

- 
0 O 4  0 0 -  -3 0 0 -  

0 0 0 0 0 -  -l 0 0 0 0 0 -  

3 
2E k 2Ek 

1 
26k 2ek 

1 0 0 -  0 0 -  1 0 0 - 2 0  0 -  2 

E k3 E k2 5 k3 €k2 
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APPENDIX C 

Formulation of Element Stiffness Matrix 

Substitution of equation (C15) into equation (C6) and integration over a single ele- 
ment give 

where 

The integral in equation (C21) is evaluated numerically by using the trapezoidal rule with 
100 integration intervals. Using equation (C18) in equation (C20) gives 

Thus the element stiffness matrix for the kth element is given by 

Formulation of Element Mass Matrix 

Using equations (C13) and (C14) gives 

where 

r l  x x 2 x  3 0  0 0 

10 0 0 0 0 0 0 

0 

3 X 

0 

0 0 

0 0 

1 X 

Substitution of equation (C24) into equation (C11) and integration over a single ele- 
ment yield the following expression for maximum kinetic energy: 
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APPENDIX C 

where 

k I =  .$,,,[ Ek'2 Y T F  1 [I[] Y dx 

The integral in equation (C27) is evaluated by use of the trapezoidal rule. Using equa- 
tions (C18) and (C26) gives 

Thus the element mass matrix is given by 

Formulation of Modal Equations 

The stiffness and mass matrices for the complete cylinder are synthesized from 
the corresponding element matrices as described in reference 7 .  This synthesis is 
accomplished by superimposing the lower right 6 X 6 block of the kth matrix and the upper 
left 6 X 6 block of the k+lst matrix. The superposition of element matrices is predicted 
on the following conditions of compatibility at junctures between elements: 

- - 

element k+lst element 

for all k < 

By denoting the master stiffness and mass matrices for the shell by 
respectively, and using the principle of minimum potential energy one obtains 

[sl(Y}- W2[M]{Y} = 0 

which is the modal set of equations for the system and where {y} is a 6(g+l )  X 1 
vector given by 
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The matrices in equation (C31) are modified by deleting rows and columns as necessary 
to satisfy the specific edge constraints. Equation (C31) is solved by a standard eigen- 
value extraction algorithm to yield natural frequencies o and modal columns {y}. 

Mode Shapes and Modal Stress and Moment Resultants 

The modal columns {y} contain values of u, w, p, ut,  w', and p' at the 
element junctures. In order to obtain a detailed mode shape, the coefficients of the poly- 
nomial representations of u, w, and p a r e  obtained by use of equation (C18). Then, 
by using equation (C14), the mode shapes may be computed within each element and hence 
over the entire shell. 

The modal stress and moment resultants are obtained from the modal strains and 
displacements. (See appendix B of ref. 8.) 

Meridional s t ress  resultant : 

Nx = C(u' f y) 
Meridional moment resultant: 

Mx = Dp' 

Transverse shear stress resultant: 

(C35) 2 8, = k Gh(w' + 6) 

Accuracy of Modal Characteristics 

To assess the reliability of the modes supplied by this method, a computer program 
based on the method was used to calculate mode shapes, frequencies, and modal s t resses  
of a cylinder whose properties are listed below: 
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Description of 
mode 

First w mode 
Second w mode 
Third w mode 
Fourth w mode 
Fifth w mode 
Sixth w mode 
First u mode 
Seventh w mode 
Eighth w mode 
Ninth w mode 

L = 63.5 cm (25 in.) 

Frequency, Hz Frequency, Hz 
(appendix C) (ref. 7) 

3120.38 3122.17 
3259.15 3262.10 
3367.92 3370.17 
3410.42 3420.52 
3700.37 3722.45 

4045.63 4085.35 
4465.32 4472.51 
4644.45 4725.28 
5363.40 5497.80 
6203.20 6414.83 

r = 25.4 em (10 in.) 

h = 1.01 cm (0.4 in.) 

E = 207 GN/m2 (3 X lo7 lb/in2) 

p = 7843 kg/m3 (7.33 X lb-sec2/in4) 

v = 0.30 

k = 0.87 2 

Calculations are carried out for clamped-clamped boundaries. Results were com - 
pared with those obtained by the more general-purpose computer program (ref. 7). The 
latter program does not include rotary inertia or transverse shear effects but a satis- 
factory comparison can be made for the low-frequency modes where effects of rotary 
inertia and transverse shear deformation are small. 

There is a certain amount of difficulty in deciding which modes to compare. For 
the low-frequency modes, close agreement is observed between the two methods. 
Because of the differences noted in the two programs, there is not a one-to-one corre- 
spondence between modes from each program over the entire frequency spectrum. The 
following table contains frequency comparisons for the 10 lowest frequencies. The f re  - 
quencies a re  in good agreement for those modes, with an increasing disparity evident 
with increasing mode number. This disparity in the higher frequencies is due to the 
secondary effects. 
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Mode shapes and modal stress comparisons for the first five modes a r e  shown in 
the machine plots in figure 15. On the left side of each frame are results from the pres- 
ent program and on the right are results from the program of reference 7.  Since rotary 
inertia and transverse shear deformation are neglected in reference 7 ,  there are no cor- 
responding plots for the rotation p or the transverse shear resultant Qx in the right 
side of the figure. The corresponding curves in the two analyses for the displace- 
ments u and w have excellent agreement in mode shape and, further, the maximum 
values are in agreement through at least two and often three significant figures. Also 
modal stress and moment resultants a r e  in excellent qualitative agreement. There is 
agreement of the first significant digit in peak stress and moment resultants between the 
two programs and in many cases there is agreement through three significant figures. 

The oscillations in the plot for Qx are at locations which correspond to element 
junctures and a re  attributed to the fact that continuity of the slope at element junctures 
of Qx is not enforced. Cusps are also evident in the meridional stress resultant in the 
fifth mode for the same reason. 
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TABULARDATA 

Tables I to M comprise listings of all data contained in the body of the report. 
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,2708 
2813 

-29 17 
0 3021 
-3125 

3229 
e 33 33 

3438 
.3542 

3646 
, 3750 

38 54  
0 3958 
- 4 0 6 3  
,4167 
e 4271 
0 4 3  75 

4479 
0 45 83 
,4688 
, 47 92 

1667 

2604 

e 4896 
5000 

0,000000 
063 26 5 

0 135995 
-224 706 
,331067 
-450772 

573600 
685894 

,775264 

865 117 
870973 
859836 

,838793 
0 813447 

787543 
-763 175 
- 7 4  1242 

, 705054 
690343 

e83495 1 

0 721 925 

-677528 
,666423 
, 656943 

649093 

-638567 
,636057 
, 635436 

,642938 

63666 1 
5395 82 

a 643873 
,648925 - 553609 

656 8 34 
-657054 

65385 2 
,648231 
,642756 
-640558 
e 6435 33 
,650775 
,658455 
-661568 
-656695 

-627941 
,624442 

e 644109 

609 195 

0,0000 
a0104 .. 0208 
-0313 

04 17 - 0521 
0625 
0729 
0833 
0938 

, 1146 

1354 
- 1 4 5 8  

-1667 
1771 
18 75 

0 1979 
2083 

-2188 

1042 

1250 

1563 

, 2292 
2396 
2500 - 2604 
2708 
2813 

,2917 
e 3021 

3125 
3229 
3333 
3438 - 3542 
3646 
3750 
3854 

,3958 
4063 
4167 

-4271 
- 4 3  75 
0 44 79 
045 83 
- 4 6 8 8  
* 4792 
*, 4896 

5000 

0.000000 
-052276 

105078 
,158670 

214037 
,270835 
-32935 7 
,389502 
, 450954 
,523169 
.575 373 
-636575 
, 695 5 92 
, 751088 
-801629 
,845755 
,882065 
, 9093 11 
,926501 
,933002 
,928618 
,913676 
,889075 
-856336 
,817635 

775 796 
,734201 
-696545 
, 6664 18 
,646 740 
,639159 
-643595 
,658113 
,679215 

702530 
.723737 

-747901 

-744248 
, 735996 

726826 
, 718863 
, 713380 
,710683 
,710261 
,711122 

712185 
712639 

0 739463 

,749009 

* * * 
* * * * 
* * 
* * * * * * * * 
* * * * * * * * * * * * * * * * 
* * * * * * * * * * * * * * * * * **+*****+******$***+*****~************************************************** 
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APPENDIX D 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
* TABLE V * 

DATA FROM F I G U R E S  1 0 9  11 FOR C Y L I N D E R  AT TIME = 2.4 SEC * * * N = O  * 
* L / R  = 2-40 * 
***+********t****St****8+*******t**~*~~****************~******t*************** * * * H / R  = 0,025 H / R  = 0-0125 * * * 
*******************t*****t****t**~*~***~**t**~*******~*t***~******t**t****~* * S / L  L I N E A R  NONLINEAR LINEAR NUNL I N E A R  * . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

e 

* * * * 
8 * * * 
* * * 
* * 
t * 
t 
* * * * * * * * * * * * * * 
t 
* 
* * 
* * 
* 
* * 
* * * * * 
* 
* 
* 
* 
* * 

0.0000 
0 0104 
0 0208 
-0313 
0417 
052 1 - 0625 
0729 

0 0833 
o 0938 
o 1042 
114i1 

.1354 
e 1458 
* 1563 
e 1667 - 1771 
-1875 
-1979 
-2083 

-2292 

). 2500 - 2604 
, 2708 
-2813 
291 7 

.3021 

.3125 
3229 
3333 
3438 

.354L 
0 3646 
-3750 
* 3854 
0 3958 
4063 
4167 
4 271 

0 4375 
4479 
4583 
4688 
479.2 
4896 
5000 

1250 

* 2188 

2396 

0 0 000000 
-074326 
s 149920 
o 22782 1 
0308629 
392323 

0478139 - 5645 07 
649073 

-728817 
80026 5 
85980 1 
90406 0 

-930372 
93722 0 
92463 7 
89449 5 

,850592 
0 798474 
0 74495 1 
69728 1 
-662079 
,544094 
0 645082 
,663126 
-692718 

753 84 3 
e 769943 
-771100 

725827 

- 758946 
739043 

.704483 
699534 

.7iar49 

7032 7 1 
7 1202 2 

0 72 105 5 
726669 

,7243 5 9 

- 715480 
-71332 7 
0 713294 
714670 

t 7 1646 7 
,717861 
0 718375 

72 746 5 

* 719605 

0.000000 
112469 

o 25 0327 
-419058 
597629 
747703 
838337 

-865831 
-849797 
814626 
776969 

e 744190 
717797 
696898 

,680151 
-666500 
0 65 5340 
646466 

,639978 
a636134 
-635137 
-636876 
64 0696 
645440 
649840 

0653181 
-655739 
65 8336 

-660906 
66 1420 

-657308 

,643782 
,648524 
,664637 

-685437 

-638061 
,616437 
619008 
.645107 
678224 

t 649331 

-682003 

667779 

,698329 
0 694345 
66 e8 13 

0 633988 
,604850 
593539 

0 0000 00 - 106086 
* 215448 
330139 
, 44 9960 
-57 1801 
,689544 
-7946 34 
-877391 
928953 
94 35 90 

0 920900 
86 72 31 
795642 

,723852 

-647881 
, 66 05 53 

-670132 

,699343 
745655 

-778600 
0 784734 
-764855 
-733195 - 708589 
702876 

-724384 - 730994 
740028 
73 7050 

,727117 
71 8763 
716782 

e 719748 
7230 52 
723529 

0 72 1424 
-718945 
71 7740 

o 717784 
0 718097 
0717957 
71 7389 

o 716805 
-716476 

.716316 
- 716365 
71 62 58 
716228 

0*000000 
174000 
402987 

e 646568 
,808619 
,851468 
0821327 
,776025 
739095 

-71 1846 
,691380 
,675 737 
-664065 
-656204 
,652114 
,651206 
652209 
-653916 
655989 
,658695 
-661843 
-664375 
,665470 

-66 7506 
-66 8836 
,666747 

-667724 

-665995 

-66 350 8 

-678770 
-679324 
,660350 
-644581 
65 9247 
,691180 
e 700960 
-678105 
,646915 
-628493 
,629406 

.677308 
-648845 

a 700 847 
s 707927 
,694117 
-666786 
,636958 
-611738 
-60 1029 

* * * * * * * * * * 
8 * * * 
* * * * * * 
4 
* * * * * 
* * * 
* 
* * * * * * * * * * * * * * * * * 
* * * 

**++*****+~++*****~**0***+*4**********~*********t*************t********~******* 
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APPENDIX D 

* * t t * f * t * * * * * * t C * * *  **t*tt*t***+t**t**************8*************t**************** 
8 T A B L E  V I  * 
* D A T A  F R 3 Y  F I G U R E  12 FOR C Y L I N O E R  AT N = 2 AN0 T I M E  = 2.4 SEC * 
8 L/R = 2.40 * * H/R = 0.05 * 
8 9 * * * 4 C t t t t f t 8 t t * t * t t * * t * * * * * 3 * * * * * 4 t * t * * * * * * * t * * * * * * 4 * * * * * * * * * * * * * * * * * *  
* t 
f MODAL D I R E C T  * 
tft**f**t*t*t****t*ttt*********t*t*******************t*****~**************** 
t S/L L I N E A R  S/L LINEAR * 
* * * O * t t t * * * * * f * * * * t * t * t * * * ~ * * * t t * t * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  

x * 

t * 
8 
* * 
t 
# 

* 
* 
* 
8 
t 
8 * 
* 
8 
0 

# 
8 
8 
t 
* 
t 
* 
t 
t 
* 
* 
v 
v 
v * 
* 
t 
t 
t 
t * 
* 
t 
* 
t 
8 * 
0 
* 
t 
* 
* 
t 
t 
t 

0~0000 
.0100 
0 0200 . 0300 
0400 

.Ob00 . 0700 
a 0800 . 0900 . 1000 
0 1100 
0 1200 
, 1300 
* 1400 
.1500 
1600 
1700 

.1800 

.1900 
0 2000 . 2100 
.2200 
2300 
2400 

0 2500 

e0500 

.2600 
2700 

.2 803 . 2900 
o 3000 
.3100 . 3200 
3400 . 3500 . 3600 

,3700 
.3800 
,3900 
4000 

. 4200 
4400 . 4500 

.4600 
4700 
4800 

,4900 
5000 

3300 

4.100 

m4300 

,000000 
110069 

-220853 
,332183 
.44339 7 
55396 1 
,663900 
,773125 
.881105 
,987186 

1.09091 1 

1 , 287683 

1.462927 
1.542430 
1,615423 
1.679213 
1.732228 

1, 191703 

1 0 378048 

1 e 774241 
1. (305987 
1 82878 7 

1 , 850644 
1 84956 9 
10841163 
1.827602 

1.79365 I 
1 .. 777222 
1.763097 
1 . 75 158 1 
1 742742 

1 739855 

1,843666 

1 81107 1 

1,738163 

1. 748663 
1 762783 
1 779201 
l o  796 722 
1 815 139 
1-833819 
1.850103 
lo860021 
1 862291 
1.85808 1 

1,840083 
1.828884 

1 . 808673 

1.849928 

1 817606 

1. 805036 

0.0000 
.0052 
,0156 
,0260 
036 5 
,0469 
-0573 
067 7 
078 1 
,0885 
-0990 
1094 

9 1198 
e 1 3 0 2  
1406 

0 1510 
1615 

,1719 
182 3 

,1927 
,2031 
-2135 
,2240 
,2344 
,2448 
-2552 
.2656 
.2750 
-2865 
-2969 
,3073 
,3177 
,3281 
03385 
-3490 
0 3 594 
,3698 
,3802 
3 906 
.4010 

,4219 

.442 7 
,453 1 . 463 5 
,4740 
,4844 
,4948 
.5000 

-4115 

,4323 

-. 000000 
o 057667 
-173063 
o 288625 
40440 8 
520385 
,636420 

,867417 
752239 

0 981 360 
1.093302 
1,20231 1 
1 307305 
1.407073 
1.500323 
1 585723 
1.661973 
1 72 7 869 
1,782390 
1.824779 
1 - 85462 8 
1 871954 
1.877264 
1 871593 
1 856524 
1- 834172 
1.807121 
1.778317 
1,750893 
1 - 727918 
1,712079 
1.705328 
1 708547 
1.721327 
1, 741925 
1. 767480 
10794459 
1 819278 
1 838952 
1,851614 
1 856775 
1.8 55266 
1 8488 73 
1.8398 14 
1 830 194 
19821605 
1.814963 
1, 810589 
1.808454 
1 808454 

* * * * * * * * * * * 
4 * * * * * 
* * * * * * * * * * * 
4: 
t 
6 
* * * * * 
* * * * * * 
8 * * * * * * * * * 

***4***+*******4*4*t**~*~t**t*tt***~**********~********************t***~**** 
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APPENDIX D 

* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * 4 : * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  * TABLE V I 1  * 
* D A T A  FROM F I G U R E  13A FOR CYLINDER A T  N= 0 4: * L/R = 2.4 * 
* H/R = 0.10 * 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  * * 
* L I NEAR SEC E F F  NONLINEAR * * * 
**+*****+************************************************~******~**** 

T I M E  W-MAX * * 
+** * * *P*o*+*+* *+* l * *+* * * * * * * * * * * * * * * *~* * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  

r XME W -MAX TiME W-MA X 

0.0000 
io00 

9 2 000 . 3000 
0 4000 
, 5 000 
9 b 000 

7 000 
L 8000 
Y 000 

i * 0 0 0 0  
L a  1000 
1.2000 
1,3000 
1.4000 
1,5000 
1.6000 
1,7000 
1.8000 
1,9000 
20 0000 
2. io00 
2.2000 
2.3000 
2,4000 

0.0 00000 
,107519 
02 15949 
-328021 

4 3  8330 
,544708 
,647014 

7425 72 
,830545 
09 10239 
e 981036 

1.042389 
1,093823 
1.135194 
1.166994 
1.187990 
10 197978 
1 196964 
i o  185464 
1.165167 
1.135926 
1.096791 
1,04542 I 

9 82919 
,908478 

0.0000 
.loo0 
, 2000 

3000 
,4000 
,5000 

60  00 
7000 

a 8000 
9000 

1 , 0000 
1,1000 
1,2000 
103000 
1,4000 
1, 5000 
1,6000 

1,8000 
1.9000 
2,0000 
2. 1000 
2,2000 
2.3000 
2,4000 

1,7000 

0.000000 
-100648 
-203263 
,309262 

,52293 7 .. 625444 

,813057 

-970272 

,416733 

722552 

a895943 

1 035228 
1,090 157 
1.134572 
1.16R 132 
1.190622 
1.201952 
1.202 1 5 8  
1.191402 
1,  I 7 1 2 9 9  
1.140870 
1- 100602 
1.051130 

. 92 7 8 12 
993 176 

0.0000 . 1000 
a 2000 

3000 
a 4000 

5000 
6 0 0 0  . 7000 
8000 

a 9000 
1,0000 
1.1000 
1,2000 
1.3000 
1,4000 
1.5000 
1,6000 

1.8000 
1,9000 
2,0000 
2,1000 
2,2000 
2.3000 
2.4000 

1.7000 

o*oooooo 
104346 

,203334 
,300908 
,394365 
,483585 
,567785 
, 6463 7 1 
,718636 
.783986 

842270 
-891 846 
,931921 
,962023 
,982065 
,991570 
,9905 2 7 
- 9  7876 2 
-963455 
,956 173  

943 894 
-926687 
, 9036 16  
,876775 
,848017 

* * * 
* * * * * * * * * * * * * * 
* * * * * * * * * 
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APPENDIX D 

********t*t*t*t***t Ct********t**~****+***~~*~*t~******~**~****************** * TABLE V I 1 1  * * D A T A  F R O M  FIGUFtE 130 FCR C Y L I N D E R  A T  N= 0 * 
* L/R = 2 - 4  * * H/R = 0.10 4 

*****~****~**C~~*t*~~+***~***~**~*******~*~*******~*+***********~***********~ * * 
* L I N E A R  S E C  EFF NONL I N E  A R  * 
t * 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  * TIME. w - L / 2  TiME W-L/Z T I M E  w-L / 2 * 
* * * * * f * * * * * * * * ~ ~ t * * * ~ t * * * * * * * * * * * * ~ * * * * * * * * * * * * * * * ~ * * * * * * * * * * * t * * * * * * * * ~ * * * ~  

0. O U O O  . 1 000  . 2 000 . 3 0 0 0  
4000 . 5 octo 

0 6 000 
.700o . 8 000  . '3 000  

1.0000 
L.1000 
1.2 000 
1,3000 
1 4000 
1.5000 
1.6000 
1,7000 
L. 8000 
1.9000 
2.0000 
2.1000 
2.2000 
2.3000 
2. 4000 

0.00000c) 
0 99834 

2 95540 
3 dY47L 

.479540 
56486a 

-6 4462 Y 

,785986 
-841564 
.8 89945 
-929353 
0 9 6  1424 . 988579 
1.0 12323 
1.03 1492 
1.0 41 782 
1 e 0 3 7393 
1.0 1L9YL 

L 98674 

7 17986 

.963914 

.b06857 
894069 

- 708391 
-604917 

0.0000 . 1000 
0 LOO0 

3000 
4000 
5000 
6000 

.7300 

.8300 
9000 

1*0000 
1,1000 
1 a 2000 
1 3000 
1.4000 
1,5000 
1 6000 
1 7000 
1.8000 
L o  9000 
2,0000 
2,1000 
2.2000 
20 3000 
2e4000 

0 , 000 000 
099 034 

0 198674 
,295540 
,389471 
,479537 
,564847 
,644556 
,717875 
.7840 82 

e42523 

. 933923 
892629 

966 04  2 
-988 76 3 

10 002056 
1 ,006 125 
1-00 142 1 . 9885 70 

-940311 
-968 145 

,904440 
o858910 
,801319 
,729167 

0. OOOi)  
1000 

0 2000 
0 3000 
I 4000 
e 5000 
,6000 

7000 
1.8000 . 9000  

1.0000 
1.1000 
1.2000 
1,3000 
1,4000 

1,6000 
1.7dOO 
1*8000 
1.9000 
2,0000 
L o  1000 
2.2000 
2.3000 
2,4000 

1,5000 

0.000000 
099834 
, 1986 74  

,38947 1 

564844 

,717829 

-8422 7 0  .. 891 846 

-962023 
,981972 
,991569 

,978762 
.956608 

E842 15 
,83597 I 
,781362 

-662495 

,295540 

0479538 

6445 3 9 

785986 

,931921 

9905 2 7 

.924782 

0722376 

* 
* 
* * * 
* 
* 
* * * * * * * 
* 
8 * * 
* * 
* * * 
* * * 
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0.0003 
, 0050 
.0103 

0150 . 0 200 
0250 

.0300 
0350 

-0403 
.0450 . 0 500 
.0550 
.0600 
.Ob50 
.0700 
,0750 
* 0800 
.(I850 
.0900 

0950 . 1000 
1050 

* 1100 
e 1150 

1200 
1253 . 1300 
1350 

a1400 
.1450 
-1500 
.1550 . l h O O  
.1650 

1700 
.A750 
-1800 

1850 
19c)o 
1950 

.2000 
2050 

,2100 
, 2150 
.2235 
-2250 
.2303 
.2350 
.2400 
.L450 
- 2  500 

- 1.262 079E-19 
-3,657 528E-06 
-7.544286E-06 
-1.163078E-05 

- 1.8L4325E-05 
-1,546330E-05 

- 1,924761E-05 
-1,903205E-05 
- 1.848854E-05 
- 1.8L4199E-05 
- 1.834381:-05 
-1.d30680E-05 

- 1. b 1 1 5c1 I E  - 0 5 
-1.806016C-05 - 1.798296E-05 
- 1.78YL 06E-05 
-1.781236E-05 
-1,774018E-05 

-1.757116E-05 

-1.740326E-05 

- 1,723582E-05 
-1. 714884E-05 
-1. 70570LE-05 
-1. b96895E-05 

- 1.679891E-05 
-L.670676E-05 
-1.6bl 334E-05 
- 1.652383E-05 - 1.643665E-05 
- 1. b34807E-05 
- 1.625449E-35 

- I. 6 1 Y 3 7~ E - 11 5 

- 1.766 105E-05 

-1. 748581E-i)5 

-1.732003E-05 

-1, b88497E-05 

-1.615d99E-05 
- 1 606 744E-0 5 
-1.5Y7d7LE-05 
- A. 5 a 8 8 0 4 ~ - 0 5  
- 1.57926LE-05 
-1.509611E-05 

-1.551196E-05 
-1,542028E-95 
- 1,532507E-05 
-1.522733r-35 
-1.512943E-05 
-1.503126E-05 
-1.4936 77E-05 

-1  560 2 81 E-05 

-1 e 486 2 08E-05 

0,0000 
-0051 
-0152 

.0354 

.0556 
065 7 

.0750 

.0960 
106 1 

,1  162 
.1263 
.1364 
.1465 

1566 
.166 7 
,1768 
- 1 8 6 9  

, 207 1 
.2172 
,2273 
0 2 374 
-2475 
a2576 

267 7 

,0253 

045 5 

e0859 

1970 

.2778 

.2879 
2980 
308 1 

.3  182 
328 3 

.3 384 
3485 

.3586 
-360 7 
-3788 
.3889 
* 3990 
.4091 
-4192 
.4293 
.4 394 
.4495 
, 45'36 
-469 7 
04798 
,4899 
.5000 

3.183232E-19 
-1,4462 02 E-05 
- 1.9778236-05 

-1.850952E-05 
-1,8401 74E-05 
-1.826713E-05 
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(a) Cylindrical shell. 

(b) Conical shell. 

Figure 1.- Geometry and sign convention for shells used 
in sample calculations. 
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(a) Geometry of cylindrical shell. 

(b) Nomenclature associated with finite - element 
representation of cylindrical shell. 

Figure 2.- Geometry and nomenclature of finite-element model. 
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T .L 

1 
E z = 0.1 

(a) Cylindrical shell representation by 10 equally 
spaced elements. 

Region 111 

Region I1 

Region I 

Region I: ten elements - E / L  = .025 
Region 11: five elements - E / L  2 .050 
Region 111: five elements - E / L  = .lo0 

(b) Conical shell representation by 20 unequally 
spaced elements. 

Figure 3. - Finite-element representations of shells. 
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Exact 

Modal superposition 

& Direct integration 

Figure 4.- Comparison of methods at n = 0 and t = 1.2 sec for a 
cylindrical shell having L/r = 2.4 and h/r = 0.05. 

- Linear solution 
.-t-. Secondarg effects 

ME?: 13 I CNfil 2 I STfiWC,, S i L  

Figure 5.- Effects of rotary inertia and transverse shear deformation on 
displacement at n = 0 and t = 1.2 sec for a cylindrical shell 
having L/r = 2.4 and h/r = 0.05. 
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Linear solution 
__O__ Secondary effects 

Y'F; :3Ic,'!FL 7ISTPl:E. '3/c 

Figure 7.- Effects of rotary inertia and transverse shear deformation on 
displacement at n = 0 and t = 1.2 sec for a cylindrical shell 
having L/r = 1.2 and h/r = 0.05. 
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KER 13 IONfiL 2 ISTRNCE . 9/C 

Figure 8.- Effects of rotary inertia and transverse shear deformation on 
displacement at n = 0 and t = 1.2 sec for a cylindrical shell having 
L/r = 0.3 and h/r = 0.05. 

MER!3IONRL CIISTRNCE S/L  

Linear solution 
*Secondary effects 
----c)--- Nonlinear solution 

Figure 9.- Comparison of higher order effects on displacement at n = 0 
and t = 2.4 sec for a cylindrical shell having L/r = 2.4 and 
h/r = 0.05. 
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Linear solution 
--c- Nonlinear solution 

MERIDIGNQL DISTQNCE, S I C  

Figure 10.- Effect of nonlinearities on displacement at n = 0 and 
t = 2.4 sec for a cylindrical shell having L/r = 2.4 and 
h/r = 0.025. 

- Linear solution 
A__ Nonlinear solution 

cr 

0 

MfRIDIONQL iJISTQNCf. S/L 

Figure 11.- Effect of nonlinearities on displacement at n = 0 and 
t = 2.4 sec for  a cylindrical shell having L/r = 2.4 and 
h/r = 0.0125. 
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Modal superposit ion 
+ Direct integration 

K E R I 3 I G N F i i  DLSTFINCE, S/L 
Figure 12.- Comparison of methods at n = 2 and t = 2.4 sec 

for a cylindrical shell having L/r = 2.4 and h/r = 0.05. 
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- Linear 
-e- Secondary effects 
-I- Nonlinear 

T I P I E ,  T ,  SkC 

(a) Maximum displacement. 

e Secondary effects 

Nonlinear 

I I  
.Lf .8 1.2 1 .6 2.0 2 .Lf 

TIME, T ,  SfC 

(b) Displacement at L/2. 

Figure 13.- Displacement at n = 0 as a function of time for 
cylinder having L/r = 2.4 and h/r = 0.10. 
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Modal superposition 
__O__ Direct integration 

Figure 14.- Comparison of methods for the conical shell 
at n = 2 and t = 20 x lom6 sec. 
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